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Designers often use a numerical analysis of mechanical engineering product models. The 
analysis is based on partial differential equations. One of the most used numerical methods is 
the finite element method, in which the continuous object model is replaced by a discrete one. 
As a result, the first stage of modeling is the construction of a discrete object shape model as 
the final union of simple shapes. The distribution of elements in a discrete object shape model 
has a significant impact on the accuracy of numerical analysis. One of the most universal 
approaches to the computer modeling of object shapes is functional representation. This ap-
proach is based on using implicit functions to determine the set of points that corresponds to 
the object shape. Moreover, implicit functions for complex objects can be created construc-
tively using combinations of simpler functions. For this, one can apply the real functions that 
are proposed in the R-functions theory and correspond to logical operations. Although func-
tional representation makes it possible to check whether a point belongs to a set, it requires 
that methods for constructing discrete models be developed. In this paper, a method is pro-
posed for constructing adaptive discrete models of object shapes represented functionally. 
This method uses an estimate of the accuracy of the finite element analysis to determine the 
areas where nodes and elements are refined. In the process of refinement, the refinement 
templates of elements are used that are proposed for the most common elements (triangles, 
quadrangles, tetrahedra and hexagons), with reprojection on the domain boundary of 
boundary nodes. Examples of constructing adaptive discrete models for solving two- and 
three-dimensional problems of studying stress-strain state are shown. 
Keywords: discrete model, object shape, implicit function, R-function, finite element method. 
Introduction 
One of the important parts of designing complex technical objects is studying their operational charac-
teristics. In such industries as rocket production, shipbuilding, mechanical engineering, construction, etc., in 
designing, it becomes necessary to study the stress-strain state, strength or stability of structural elements. In 
this case, as a rule, modeling requires the use of the systems of partial differential equations that have no ana-
lytical solution. One of the most common numerical methods, the finite element method, is based on the idea of 
replacing a continuous model with its discrete analog. In this case, the object shape is modeled by a set of sim-
ple shapes (for example, tetrahedra or hexagons). 
The first step in modeling the behavior of an object is to specify its shape. At the same time, one of the 
most universal approaches to the description of object shape models is the functional one [1–3]. It makes it pos-
sible to use implicit functions and logical operations with them to describe complex object shapes. However, in 
the general case, the implicitness and complexity of the resulting functions do not make it possible to directly 
generate discrete models. As a result, it is important to develop methods for constructing discrete object shape 
models that allow one to investigate their behavior with a given accuracy. 
The aim of the research is to develop a method for constructing adaptive discrete object shape models 
that are represented functionally. 
At present, highly effective methods have been proposed for constructing discrete shape models based 
on triangular [4], quadrilateral [5], tetrahedral [6], and hexagonal elements [7]. They make it possible to ap-
proximate geometric object features but do not take into account the accuracy of modeling object behavior. 
To improve the accuracy of modeling, adaptive discrete models are used. The most common methods 
for constructing adaptive discrete models are based on a local increase in the number of nodes and elements [8], 
search for the optimal coordinates of nodes or approximation on finite elements by high-order functions [9]. 
Searching for the optimal coordinates of nodes, as a rule, does not allow one to significantly increase the accu-
racy of modeling independently and is used in conjunction with other methods. Increasing the number of nodes 
and elements in the worst approximating areas is most common. However, its use makes it necessary to correct 
the positions of the boundary nodes. Using a finite-element solution approximation by high-order functions 
improves the accuracy of modeling but significantly increases the algorithmic complexity and in some cases 
can lead to poor convergence of numerical solutions. 
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1. Functional approach to modeling object shapes  
The main idea of the functional approach is to use implicit functions to represent the object shape. 
For example, the function 
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greater than zero in the middle of the region bounded by a circle of radius r centered at the origin of coordinates 
is zero at the boundary of this region and less than zero at the points external to it. More complex forms can be 
described using R-functions [1–3], which correspond to logical operations. They are combined into systems, 
among which one of the most common is 
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where x and y are the values of the implicit functions corresponding to the shapes of the areas (primitives) in-
volved in the corresponding operation. For example, the shape of a flange (Fig. 1), can be given by the function 
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2. Building discrete models of object shapes  
Let there be an implicit function F corresponding to a certain object shape, and an initial discrete model 
B is constructed for the area completely including this object. In this case, B consists of the elements whose 
form corresponds to the required one. To generate a discrete model, one can use the following algorithm. 
1. From the discrete model B, delete all the nodes in which the function F is less than or equal to zero, 
as well as the elements incident to these nodes. 
2. For each boundary node from the discrete model B, calculate the direction of the search for the 
boundary as the arithmetic mean of the normals to the adjacent edges (edges in the two-dimensional case). 
3. For each boundary node from the discrete model B, calculate the projection on the object boundary 
as the point of intersection of the ray with the vertex in this node and the direction coinciding with the normal 
found at the previous step. Move all the projections on the border, located at a small distance from the geomet-
ric object features to the corresponding points. 
4. For each boundary face of the discrete model B, form the boundary elements that break the plane 
or volume formed by the boundary vertices and their projections. In the two-dimensional case, each bound-
ary edge will correspond to a pair of vertices on the boundary. Accordingly, if B consists of quadrilaterals, 
then one quadrilateral is to be added to the model; if B consists of triangles, then a pair of triangles are to be 
added by drawing a diagonal in the quadrilateral formed by the vertices and their projections. In the three-
dimensional case, if B consists of tetrahedra, then the nodes of the boundary faces with their projections will 
form the triangular prisms, which are to be subdivided into three new tetrahedrons by drawing diagonals. If B 
consists of hexagons, then each quadrangular boundary face will correspond to a projection of four points on 
the boundary, which together form a new hexagon. 
5. Move each internal node to the center of mass of the figure formed by neighboring nodes. Apply 
element-specific local transformations. 
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Fig.1. Flange drawing and the distribution of the values of function (1) 
 
     
а      b 
Fig. 2. Discrete models of the flange shape: 
a – based on triangles; b – based on quadrilaterals  
Let us consider an example of constructing a discrete model of the flange shape based on a uniform 
initial mesh consisting of 45×30 nodes (Fig. 2). When using triangles, the model shown in Fig. 2, a will be 
obtained. When using quadrilaterals, the model shown in Fig. 2, b will be obtained. 
Construction of Adaptive Discrete Object Shape Models  
The models obtained using the algorithm de-
scribed above do not take into account the approximation 
accuracy of the problem being solved. To do this, it is 
necessary to refine the discrete object shape model in the 
process of finite element analysis. Thus, in two-
dimensional models based on triangular elements, each 
triangle can be subdivided into four new ones by insert-
ing nodes in the centers of its sides (Fig. 3). This scheme 
is known as the 'green triangles' scheme [10]. It makes it 
possible to perform a uniform refinement of discrete 
models based on triangular elements. 
  
Fig. 3. Subdivision scheme for triangular elements  
The 'green triangles' scheme can be generalized to the case of tetrahedra. By inserting new nodes in 
the centers of their sides, a tetrahedron can be subdivided into eight elements (Fig. 4). If a tetrahedron has a 
common edge with the subdivided one, then it is subdivided into two elements by inserting a new node into 
the center of the common edge. If a tetrahedron has a common face with the subdivided one, then it is subdi-
vided into four elements by inserting new nodes in the centers of the edges that belong to the common face. 
Thus, for tetrahedra there are three refinement patterns. 
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Fig. 4. Subdivision scheme for tetrahedral elements 
 
Fig. 5. Subdivision scheme for 
quadrilateral elements 
For the discrete models based on quadrangular elements, one can use the scheme for subdividing an 
element into nine parts (Fig. 5) [11]. At the same time, for the neighboring elements two templates will be 
enough. If a element has a common edge with the subdivided one, then it is subdivided into four parts. If the 
element touches the subdivided elements with its two adjacent edges, then it is subdivided into five parts. As a 
result, there are three basic patterns for quadrilaterals. 
In the case of discrete models based on hexagonal elements, each hexagon subject to subdivision is 
subdivided into 27 parts (Fig. 6) [11]. If some element has an edge participating in the subdivision process, then 
it is subdivided into five parts. If an element has a face participating in the partition, then it is subdivided into 
thirteen parts. If the subdivision process involves three vertices belonging to the same face, then the element is 
subdivided into six parts. If the subdivision process involves six vertices belonging to two faces with a common 
edge, then this element is divided into five parts. In the latter two cases, elements are obtained to which one of 
the first two templates must be recursively applied. 
As a result, each element shape has main types of templates described. In total, taking into account ro-
tation, there are 8 of them for triangles, 16 for tetrahedrons and quadrangles, and 256 for hexagons. Accord-
ingly, the following algorithm can be formulated. 
1. For an object whose form is determined by the implicit function F, construct the initial discrete 
model B. 
2. Using the finite element analysis, obtain an approximation of the desired quantity at the nodes of the 
discrete model B. 
3. If there are elements for which the accuracy estimate obtained using the error function is greater than 
a given value of ε, then subdivide them and neighboring elements in accordance with the templates. Go to 
step 2. Otherwise - the end of the algorithm. 
     
Fig. 6. Subdivision scheme for hexahedral elements  
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а       b 
Fig. 7. Comparison of flange stress intensity: 
a – triangular finite elements; b – quadrangular elements 
    
Fig. 8. Flange adaptive discrete model obtained as a result of using formula (2) 
As a test example, consider the problem of studying the stress-strain state of a flange (Fig. 7). In di-
mensionless values, the thickness is assumed to be 20, Young's modulus is 200,000, and Poisson's ratio is 0.33. 
The flange is believed to be under the action of a force uniformly distributed over a hole of radius 30, with an 
intensity of 20, and the force vector coinciding with the x-axis. Both holes of radius 10 are rigidly fixed. 
As a result of the finite element analysis of the flange plane-stressed state, it was found that when us-
ing triangular finite elements (linear shape functions), displacements in the first direction (x) are in the inter-
val [0; 0.0497], in the second direction (y) they are [-0.0168; 0.0168], stress σxx is [-24.683; 128.299], stress 
σyy is [-67.017; 67.624], stress τxy is [-43.924; 46.691], the intensity of the von Mises stress σi is [1.558; 
132.909] (Fig. 7, a). When using quadrangular elements (bilinear shape function), displacements in the first 
direction (x) are in the interval [0; 0.0503], in the second direction (y) they are [-0.01772; 0.0172], stress σxx 
is [-31.130; 141.285], stress σyy is [-77.568; 71.964], stress τxy is [-47.566; 47.151], the intensity of the von 
Mises stress σi is [2.343; 141.520] (Fig. 7, b). 
Common techniques for determining the areas for refining the number of nodes and elements use dif-
ferent estimates of the accuracy of the result. The simplest way of estimating accuracy (with an unknown exact 
solution) is to compare the change in nodal values with the average value on the element [12]. In this case, the 
error function used in the adaptive finite element analysis algorithm will take the form 
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where e is an element; |e| is the number of vertices in the element; C is a vector of nodal values. 
When using formula (2) in the algorithm for constructing an adaptive discrete model (if C is the length 
of the displacement vector, the limit on the maximum permissible error on the element is ε=0.4), as a result of 
three iterations for the two forms of finite elements, the refinement will be around holes of radius 10 (Fig. 8). 
In the practice of engineering analysis there arises not only the task of studying the stress-strain state, 
but also strength of structures. In this case, areas of greatest stress intensity are of fundamental interest to the 
researcher. Accordingly, it is necessary to refine discrete models in the areas with the greatest change in stress 
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intensity (or another scalar of interest to the researcher). At ε=0.2, if C is the von Mises stress intensity σi, then 
for the to forms of finite elements the refinement will be in the vicinity of the hole of radius 30, where the larg-
est relative change is σi (Fig. 9). 
To study the stress-strain state of the flange in the three-dimensional setting, one can use the function  
( ) ( ) ( ).20,flange,,flange3 zzyx=zyx −∧∧  
In the three-dimensional case, when using models based both on tetrahedra and hexahedra (Fig. 10) for 
the adaptive finite element analysis, if the limit on the maximum permissible error on the element is ε=0.2 and 
C is the von Mises stress intensity σi, then the refinement zones will be similar to the two-dimensional ones 
presented above . 
    
а         б 
Fig. 9. Adaptive discrete flange model obtained as a result of using stress intensity to control accuracy  
  
Fig. 10. Adaptive 3D discrete flange model  
Work Discussion 
It should be noted that the difference between the numerical values in the extreme stress values be-
tween a conventional and an adaptive analysis is a few percent. If we compare the results for the plane-stressed 
state with those for three-dimensional models, we obtain a difference of about 10%, which is explained by the 
simplified hypotheses used for the two-dimensional case. 
The results obtained in this work, in contrast to [4–7], allow one to construct discrete models for object 
shapes, taking into account not only the geometric features, but also the accuracy of approximation of the value 
of interest to the researcher. 
Conclusions 
Thus, the main scientific result of the research is a new method for constructing adaptive discrete 
models of object shapes that have been represented functionally. The proposed method, unlike the existing 
ones, is based on the analysis of the finite element method results, and not only on geometric information. 
The method algorithm can be used to construct adaptive discrete models based on arbitrary shape 
elements. It is based on the idea of using patterns to reconstruct discrete models of geometric objects. 
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Numerical convergence is confirmed by comparing the results for the models based on elements of 
various shapes and having different numbers of elements, as well as comparing two-dimensional and three-
dimensional cases. 
Prospects for further research are related to the use of machine learning methods to predict the areas 
in which discrete models need to be refined. 
This work was carried out as part of research on the state budget theme "Development of software 
for engineering analysis of aerospace technology objects based on cloud technologies", 0117U007204. 
References 
1. Rvachev, V. L. (1982). Teoriya R-funktsiy i nekotoryye eye prilozheniya [Theory of R-functions and some of its 
applications.]. Kiyev: Naukova dumka, 552 p. [in Russian]. 
2. Maksimenko-Sheyko, K. V. (2009). R-funktsii v matematicheskom modelirovanii geometricheskikh obyektov i 
fizicheskikh poley [R-functions in mathematical modeling of geometric objects and physical fields]. Kharkov: 
IPMash NAN Ukrainy, 306 p. [in Russian]. 
3. Maksimenko-Sheyko, K. V., & Sheyko, T. I. (2012). Matematicheskoye modelirovaniye geometricheskikh frak-
talov s pomoshchyu R-funktsiy [Mathematical modeling of geometric fractals using R-functions]. Kibernetika i 
sistem. analiz. − Cybernetics and Systems Analysis, vol. 48, no. 4, pp. 155–162 [in Russian]. 
4. Lisnyak, A. A. (2013). Sposob postroyeniya diskretnykh matematicheskikh geometricheskikh obyektov. 
zadannykh s pomoshchyu R-funktsiy [A Method for constructing discrete mathematical geometric objects defined 
by R-functions]. Vіsn. Zaporіz. nats. un-tu. Fіziko-matematichnі nauki. − Visnyk of Zaporizhzhya National Uni-
versity. Physical and Mathematical Sciences, no. 1, pp. 59–69 [in Russian]. 
5. Choporov, S. V. (2017). Sglazhivaniye setok chetyrekhugolnykh elementov s ispolzovaniyem lokalnoy minimizatsii 
funktsionala [Smoothing grids of quadrilateral elements using local minimization of the functional]. Vestn. Kherson. 
nats. tekhn. un-ta − Bulletin of Kherson National Technical University, vol. 2, no. 3 (62), pp. 234–239 [in Russian]. 
6. Lisnyak, A. A. (2014). Diskretizatsiya granitsy trekhmernykh modeley geometricheskikh obyektov, zadannykh s 
pomoshchyu R-funktsiy [Discretization of the boundary of three-dimensional models of geometric objects de-
fined by R-functions]. Radіoyelektronіka. іnformatika. upravlіnnya − Radio Electronics, Computer Science, 
Control, no. 1, pp. 82–88 DOI: 10.15588/1607-3274-2014-1-12 [in Russian]. 
7. Choporov, S. V. (2011). Postroyeniye neravnomernykh diskretnykh setok dlya funktsionalnykh matematicheskikh 
modeley na baze teorii R-funktsiy [Construction of non-uniform discrete grids for functional mathematical mod-
els based on the theory of R-functions]. Radioelektronika. informatika. upravleniye. Radіoyelektronіka. 
іnformatika. upravlіnnya − Radio Electronics, Computer Science, Control, no. 2, pp. 70–75 [in Russian]. 
8. Babuska, I., Flaherty, J. E., Henshaw ,W. D., Hopcroft, J. E., Oliger, J. E., & Tezduyar, T. (1995). Modeling, Mesh 
Generation, and Adaptive Numerical Methods for Partial Differential Equations. The IMA Volumes in Mathematics 
and its Applications, New York: Springer-Verlag, vol. 75, 450 p. DOI: 10.1007/978-1-4612-4248-2. 
9. Schwab, C. (1999). P- and HP- Finite Element Methods. London: Clarendon, 386 p. 
10. Bank, R. E. (1998). PLTMG: A Software Package for Solving Elliptic Partial Differential Equations: Users' 
Guide 8.0. SIAM, 155 p. DOI: 10.1137/1.9780898719635. 
11. Schneiders, R. (2000). Octree-Based Hexahedral Mesh Generation. Intern. J. Computational Geometry & Appl., 
vol. 10, iss. 4, pp. 383–398 DOI: 10.1142/S021819590000022X.  
12. Tristano, J. R., Chen, Z., Hancq, D. A., & Kwok, W. (2003). Fully automatic adaptive mesh refinement inte-
grated into the solution process. International Meshing Roundtable: Proc. the 12th Intern. Conf., Santa Fe, New 
Mexico, U.S.A., 14–17 September 2003. Sandia National Laboratories, pp. 307–314. 
 
Received 12 October 2018 
 
 
Адаптивні дискретні моделі функціонально представлених форм виробів  
Чопоров С. В.  
Запорізький національний університет, 69600, Україна, м. Запоріжжя, вул. Жуковського, 66 
Під час проектування часто застосовується чисельний аналіз моделей виробів машинобудування, що 
грунтуються на рівняннях у частинних похідних. Одним із найбільш поширених чисельних методів є метод скі-
нченних елементів, в якому неперервна модель виробу замінюється дискретною моделлю. В результаті першим 
етапом моделювання є побудова дискретної моделі форми виробу як скінченного об’єднання простих фігур. За 
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таких умов розподіл елементів в дискретній моделі форми виробу істотно впливає на точність чисельного 
аналізу. Одним із найбільш універсальних підходів до комп’ютерного моделювання форм виробів є функціональ-
не подання. Даний підхід грунтується на використанні неявних функцій для визначення множини точок, яка 
являє собою форму об’єкта. Водночас неявні функції для складних об’єктів можуть бути побудовані констру-
ктивно, використовуючи комбінації простіших функцій. Для цього можуть бути використані запропоновані в 
теорії R-функцій дійсні функції, що відповідають логічним операціям. Хоча функціональне подання дозволяє 
перевірити належність точки до множини, але для нього необхідна розробка методів побудови дискретних 
моделей. У цій роботі запропоновано метод для побудови адаптивних дискретних моделей форм об’єктів, зо-
бражених функціонально. В цьому методі використовується оцінка точності скінченноелементного аналізу 
для визначення областей згущення вузлів і елементів. У процесі згущення використовуються шаблони розбит-
тя елементів, які запропоновані для найбільш часто використовуваних елементів (трикутників, чотирикутни-
ків, тетраедрів і шестигранників), з репроекцією на границю області граничних вузлів. Показані приклади по-
будови адаптивних дискретних моделей під час розв’язання дво- і тривимірних задач дослідження напружено-
деформованого стану. 
Ключові слова: дискретна модель, форма виробу, неявна функція, R-функція, метод скінченних елементів. 
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